48       III   METRIC SPACES
An isometry is always uniformly continuous by definition, hence a homeo-
morphism. For instance, the extended real line R is by definition homeomor-
phic to the subspace [—1, 1] of R.
Let dl9 d2 be two distances on a set E; this defines two metric spaces on
E, which have to be considered as distinct (although they have the same
"underlying set"); let El9 E2 be these spaces. If the identity mapping x -> x
of e! onto E2 is a homeomorphism, dv,dz are called equivalent distances
(or topologically equivalent distances) on E; from (3.11.4), we see that this
means the families of open sets are the same in E1 and E2. The family of open
sets of a metric space E is often called the topology of E (cf. Section 12.1);
equivalent distances are thus those giving rise to the same topology. It
may be observed here that the definitions of neighborhoods, closed sets,
cluster point, closure, interior, exterior, dense sets .frontier, continuous function
only depend on the topologies of the spaces under consideration; they are
topological notions] on the other hand, the notions of balls, spheres, diameter,
bounded set, uniformly continuous function are not topological notions.
Topological properties of a metric space are invariant under homeomorphisms.
With the preceding notations, it may happen that the identity mapping
x -» x of ex into E2 is continuous but not bicontinuous: for instance, take
E = R, d2(x, y) = \x --y\ and for d^y) the distance defined in (3.2.5)
taking only values 0 and 1. In such a case, the distance di (resp. the topology
of ej) is said to be finer than the distance d2 (resp. the topology of E2).
PROBLEMS
 1.	Let a be an irrational number > 0; for each rational number x> 0, let fa(x) be the
unique real number such that 0 <fa(x) < a and that x —fa(x) is an integral multiple of a.
Show that/, is an injective continuous mapping of the space QJ. of rational numbers > 0
into the interval ]0, a[ of R, and that/fl(Q!j) is dense in ]0, a[. Deduce from that result
and from Problem 1 in Section 2.2 that there exists a bijective continuous mapping
of Q onto itself which is not bicontinuous (compare to (4.2.2)).
 2.	Let /be a continuous mapping of a metric space E into a metric space F.

 (a)	Let (VA) be a covering of F by open subsets; show that if, for each A, the restriction
of/to/~*(VA) is a homeomorphism of the subspace/"1^) of E onto the subspace VA
of F, /is a homeomorphism of E onto F.
 (b)	Give an example of a mapping/which is not injective, and of a covering (U«) of E
by open subsets, such that the restriction of/to each of the Ua is a homeomorphism of
the subspace U* of E onto the subspace/(Ua) of F (one can take both E and F discrete).
3.	Let E, F, G be three metric spaces,/a continuous mapping of E into F, g a continuous
mapping of F into G. Show that if / is surjective and g of is a homeomorphism of
E onto G, then/ is a homeomorphism of E onto F and g is a homeomorphism of F
onto G.

